In this work we present a method to extract the signal induced by the integrated Sachs-Wolfe (ISW) effect in the cosmic microwave background (CMB). It makes use of the Linear Covariance-Based filter introduced by Barreiro et al., and combines CMB data with any number of large-scale structure (LSS) surveys and lensing information. It also exploits CMB polarization to reduce cosmic variance. The performance of the method has been thoroughly tested with simulations taking into account the impact of non-ideal conditions such as incomplete sky coverage or the presence of noise. In particular, three galaxy surveys are simulated, whose redshift distributions peak at low (z 0.3), intermediate (z 0.6) and high redshift (z 0.9). The contribution of each of the considered data sets as well as the effect of a mask and noise in the reconstructed ISW map is studied in detail. When combining all the considered data sets (CMB temperature and polarization, the three galaxy surveys and the lensing map), the proposed filter successfully reconstructs a map of the weak ISW signal, finding a perfect correlation with the input signal for the ideal case and around 80 per cent, on average, in the presence of noise and incomplete sky coverage. We find that including CMB polarization improves the correlation between input and reconstruction although only at a small level. Nonetheless, given the weakness of the ISW signal, even modest improvements can be of importance. In particular, in realistic situations, in which less information is available from the LSS tracers, the effect of including polarisation is larger. For instance, for the case in which the ISW signal is recovered from CMB plus only one survey, and taking into account the presence of noise and incomplete sky coverage, the improvement in the correlation coefficient can be as large as 10 per cent.
INTRODUCTION
Measurements of the cosmic microwave background (CMB), galaxy clusters, Type Ia supernovae or baryonic acoustic oscillations (BAOs) indicate an accelerated expansion of the Universe (see Weinberg et al. 2013 , for a review) caused by the dark energy (Peebles & Ratra 2003) . The essence of dark energy is one of the most intriguing problems in modern cosmology. Up to date the observations are in good agreement with the prediction of the existence of a cosmological constant, whose equation of state is given by p = −ρ.
The accelerated expansion causes the decaying of potentials, resulting in the distortion of the CMB temperature, called the integrated Sachs-Wolfe effect (ISW; Sachs & E-mail: laurabonavera@gmail.com; Wolfe 1967): the CMB photons entering overdense regions are blue-shifted and those entering underdense regions are red-shifted. For this reason the ISW effect provides a complementary tool to probe dark energy or models of modified gravity (e.g. Song, Hu, & Sawicki 2007; Pogosian & Silvestri 2008) . The ISW signal is too small to be directly identified in the CMB spectrum, but it can be measured by correlating the CMB anisotropies and the large-scale structure (LSS; Crittenden & Turok 1996) : maps of the distributions of galaxies are correlated with the ISW signal because they are tracers of the gravitational potential causing the ISW effect. Gaztañaga, & Castander 2003; Vielva, Martínez-González, & Tucci 2006; Ho et al. 2008; Giannantonio et al. 2008; Schiavon et al. 2012 ). More recent works use Planck data (e.g., Planck Collaboration et al. 2014a Collaboration et al. , 2015 . The ISW can also be studied through the bispectrum of the ISWlensing (Hu & Okamoto 2002) , which was applied for the first time in Planck Collaboration et al. (2014a) . Finally, the ISW can also be studied by stacking the CMB fluctuations on the positions of known large-scale superclusters (e.g., Granett, Neyrinck, & Szapudi 2008; Planck Collaboration et al. 2014a) . In fact these staking analysis indicate some tensions with ΛCDM (e.g., Nadathur, Hotchkiss, & Sarkar 2012; Ilić, Langer, & Douspis 2013) Complementarily to these techniques which detect the ISW statistically, more recent works have presented methods to reconstruct an actual map of the ISW contribution to the CMB sky. This is especially important to understand the universe at large scales, where the ISW effect has its more relevant contribution. In particular, if we can disentangle the primordial CMB anisotropies from those generated at late times, this could shed light on the origin of the CMB anomalies at large scales. With this aim, Barreiro et al. (2008) proposed the so-called Linear Covariance-Based (LCB) filter to reconstruct the ISW signal exploiting the correlation between the CMB temperature map and one survey tracing the LSS. This filter was applied to LSS and CMB data by Barreiro et al. (2013) on WMAP and by Planck Collaboration et al. (2014a) on Planck. More recently, Manzotti & Dodelson (2014) have developed an extension of the LCB filter to reconstruct the ISW effect from CMB and several surveys simultaneously. The technique was applied to obtain an ISW map from CMB, lensing and the NVSS galaxy survey. Other approaches, where only the map of a galaxy number density field traced by a particular Large Scale Structure (LSS) survey is used, have also been proposed: Granett, Neyrinck, & Szapudi (2008) on LRGs from SDSS-DR6, or Francis & Peacock (2010) and Dupé et al. (2011) on 2MASS. In this work we present a further generalization of the LCB filter to extract a map of the ISW signal, which allows not only the inclusion of an arbitrary number of surveys but also of CMB polarization information. We perform a thorough study of the performance of the method to reconstruct the ISW effect using a total of three simulated LSS surveys, lensing information and CMB intensity and polarization. In particular, we investigate the degradation in the reconstruction due to noise and/or masking, as well as the results obtained for different combinations of the available data. This method has already been applied to the most recent Planck CMB temperature data in combination with several LSS surveys to produce maps of the ISW effect (Planck Collaboration et al. 2015) , which are publicly available at the Planck Legacy Archive 1 . The paper is organized as follows. In Section 2 we present the generalisation of the LCB filter while in Section 3 we describe the considered CMB and LSS simulations. The results regarding the reconstruction of the ISW are given in Section 4. Finally, discussion and conclusions are presented in Section 5.
1 http://pla.esac.esa.int/pla/
METHODOLOGY
In order to recover the weak ISW effect with the best possible signal-to-noise ratio, it becomes necessary to develop a method that combines all the available information about this signal, using the CMB and LSS tracers. With this aim, we present an extension of the LCB filter given in Barreiro et al. (2008) , which originally combined CMB temperature data and one LSS tracer. We extend the method in two ways: first by considering any number of available LSS tracers (including a lensing potential map derived from CMB data) and second by including CMB polarization data.
Before presenting the extended method, we will briefly summarise the original LCB filter (see Barreiro et al. 2008 Barreiro et al. , 2013 . Note that in order to construct this filter, the covariance matrix C( ) for the ISW and LSS tracer is assumed to be known. The estimated ISW mapŝ( , m) at each harmonic mode is given by:
where d( , m) and g( , m) are the harmonic coefficients of the CMB map and LSS tracer respectively, and C n is the power spectrum of the CMB signal without including the ISW. The matrix L is the Cholesky decomposition of the covariance matrix C, that is:
where L( ) is a lower triangular matrix. Note that the first term of the equation corresponds to the part of the LSS tracer which is correlated with the ISW, while the second term is given by applying a Wiener filter to a modified CMB map. Note that, by construction, this modified map does not have correlations with the considered LSS tracer.
The expected value of the power spectrum of the estimated ISW is given by:
where C g is the auto-spectrum of the considered LSS tracer (including a possible contribution from Poissonian noise), C sg is the cross-power between the ISW and the catalogue of galaxies and |C( )| is the determinant of the covariance matrix.
It is well known that the Wiener filter introduces a bias in the power spectrum of the reconstruction towards values lower than those of the true signal. Therefore, the proposed filter will also be biased (Barreiro et al. 2008) . The bias will be smaller for larger cross-correlations between the ISW signal and the considered LSS tracers, since in this case the relative weight of the Wiener filter is smaller. Obviously, since we assume knowledge of the correlation model, the bias can be simply estimated as C s − Cŝ , where C s is the theoretical power spectrum of the ISW signal, and therefore corrected in the reconstructed power spectrum.
LCB filter generalization to n tracers
In this section we present the generalization of the LCB filter to use any number of tracers to reconstruct the ISW (see also Manzotti & Dodelson 2014, and Planck Collaboration et al. 2015) . As for the previous case, the covariance matrix C( ) Figure 1 . Power-spectra used for the simulations. Top left: CMB related spectra (in particular the green line is the absolute value of the TE power spectrum where the dotted line stands for the negative part), top right: cross-spectra between ISW and surveys; bottom left: auto and cross-spectra for LSS components; bottom right: auto and cross-spectra for lensing.
of the ISW and the LSS surveys is assumed to be known. It is convenient to arrange the elements of the covariance matrix in the following order: the first n signals are the LSS surveys and the last one is the ISW. We then construct the L( ) lower triangular matrix obtained with the Cholesky decomposition of C( ).
In the case of n surveys, the analogues of Eq. 1 becomes:
where: t = n + 1 is the order of the C( ) and L( ) matrices, gj=1,n( , m) are the harmonic coefficient of the n surveys and d( , m) are the harmonic coefficients of the CMB temperature map. Note that, as expected, when n = 1, the previous equation defaults to the case of the original LCB filter (given by Eq. 1).
Note that non-idealities as Poissonian noise or incomplete sky can also be taken into account in the previous filter. If Poissonian noise needs to be considered in any of the surveys, its contribution is simply added into the corresponding auto-spectrum. If any or several of the data have incomplete sky coverage, the corresponding auto-and crossspectra are modified a la MASTER (Hivon et al. 2002) , in order to include the presence of a mask, i.e., masked power spectra are introduced in Eq. (3).
The expected value of the power spectrum of the reconstruction is now given by
which, as before, is biased with respect to the expected value and can be corrected if needed. In this formalism the lensing information is handled as an additional LSS tracer.
Exploiting polarization information
Although some level of correlation could, in principle, be present between the E-mode of CMB polarization and the ISW effect, this has been proved to be small (Cooray & Melchiorri 2006) . Therefore, in a first approximation, we can consider both signals to be uncorrelated. This fact, together with the correlation between the E-mode of polarization and the CMB temperature map, allows one to make use of CMB polarization information in order to improve the recovery of the ISW signal. Following Frommert & Enßlin (2009) we need to subtract from the data the information about the temperature fluctuations correlated with the polarization data. This is given by:
where C EE and C T E are the E-mode power spectrum and the temperature and E-mode cross-correlation of the CMB, respectively, and e( , m) are the harmonic coefficients of the E map. Note that a possible instrumental noise contribution would be included in C EE , since the large scales of the T map can be assumed to be noise-free, and correlation between the T and E noise are expected to be zero. When including polarization information, Eq. 3 becomes:
and Eq. 4 reads:
Note that by subtracting tE from the data, we obtain a modified CMB temperature map with lower intrinsic variance than the original map. Therefore, including polarization information should reduce the error in the estimation of the ISW effect, although at a moderate level (see Frommert & Enßlin 2009 
SIMULATED MAPS
The performance of the method described in the previous section has been studied on coherent simulations of the CMB (temperature and polarization) anisotropies, three different galaxy surveys (whose redshift distribution peaks at low, intermediate and high redshift) and the lensing potential.
For the simulations, we have assumed the cosmological parameters given by the Planck fiducial ΛCDM model (Planck Collaboration et al. 2014b ) and the different power spectra (see Fig. 1 ) have been calculated through a modified version of the CAMB 2 code (Lewis et al. 2000) . In particular, 10000 simulations have been generated with a resolution given by the HEALPix (Górski et al. 2005 ) parameter NSIDE=64. Each simulation consists of:
• CMB related maps (convolved with the corresponding pixel window function and a Gaussian beam of 160 arcmin) -CMB temperature (T) map, without the ISW contribution -ISW map -CMB Q and U polarization maps, where Q and U are the Stokes parameters -From Q and U, the E-mode map is also derived
• LSS tracers -lensing potential -low redshift survey, generated using a redshift distribution function (dn/dz) modelled by a Gamma function, dn/dz ∝ (z/z0) α e −αz/z 0 , with α = 0.4 and z0 = 0.3 -intermediate redshift survey, derived using the same dn/dz, with α = 1.0 and z0 = 0.6 -high redshift survey, obtained with the same function for dn/dz, with α = 1.8 and z0 = 0.9
When appropriate, noise is also added to the different simulated data maps at realistic levels. The considered noise amplitudes as well as other characteristics of the simulations are summarised in Table 1. The parameters α and z0 have values such that the three galaxy redshift distributions have the same variance but peak at different redshifts. Moreover, the surveys have been chosen to be representative of different families of sources. Although they do not exactly correspond to real data, some of their characteristics have been selected to resemble those from current surveys. For instance, the high-z survey can be representative of a radio survey like NVSS (Condon et al. 1998) , the one peaked at intermediate-z has a redshift distribution typical of luminous galaxies from SDSS (Ahn et al. 2012) and, finally, the low-z survey includes near galaxies like the photometrically-selected galaxies from the SDSS (Aihara et al. 2011) . The different levels of noise have also been chosen to be similar to those of the three aforementioned surveys. This has been simulated as Poissonian noise with the corresponding power spectrum amplitude given in Table 1 , that has been obtained as 1/n, beingn the mean number of galaxies per steradian.
For the CMB polarization, we have simulated Gaussian white noise at a level expected for the Planck data (Planck Collaboration 2005), while we assume that the instrumental noise is negligible for the CMB intensity map, which is a very good approximation for current CMB observations, such as Planck, at the considered scales. For the lensing potential map, the noise has been generated as a Gaussian field with an amplitude similar to that estimated for the lensing map recovered by Planck (see Fig. 1 of Planck Collaboration et al. 2014c). The dispersion of the simulated noise maps for the lensing potential is given in Table 1 .
Finally we have considered the following masks for the different data sets:
• For the low-and intermediate-z surveys, we adopt a simple galactic cut of ±30
• around the galactic plane.
• For the high-z survey we use a mask which excludes the areas not observed by NVSS as well as regions with galactic emission, within 14
• from the galactic plane, plus some nearby objects.
• For the CMB (temperature and polarization) as well as for the lensing map we adopt the WMAP 9-year point source catalogue mask (the one used by the WMAP team to exclude the Galactic plane and the Magellanic cloud regions when building the 9-year point source catalogues, Bennett et al. 2013 ).
The sky fraction kept for each data set after applying the considered mask is given in Table 1 .
The maps are coherently simulated by assuming that they are Gaussian (which is appropriate even for the Poissonianly distributed galaxy density maps, since the mean number of galaxies per pixel is ≈ 40 for the worst case) and, therefore, all the required information is given by all the auto-and cross-angular power spectra (see, for instance, Barreiro et al. 2008 , for details on how to simulate correlated Gaussian fields). In particular, given two surveys a and b, the theoretical cross-angular power spectra between the surveys read as:
where ∆ 2 (k) is the matter power spectrum per logarithmic interval, and I a (k) is a transfer function represented by the redshift integral:
Here r(z) is the comoving distance as a function of the redshift, and j are the spherical Bessel functions, which project the window function Wa(z, k) into each multipole of the power spectrum. In the case of a galaxy survey the window function is independent of k and it is given by
It depends on the galaxy redshift distribution and the bias function ba(z) of each survey. For simplicity, we have assumed a constant bias equal to 1 for all the surveys 3 .The growth factor D(z) in this expression takes into account the linear evolution of the matter perturbations. For the ISW effect the window function involves the evolution of the potential with redshift:
It depends on k due to the Poisson's equation relating the matter and the potential. If the Universe is matterdominated, then the function (1 + z)D(z) is constant and the ISW vanishes. As mentioned in Section 1, the presence of a cosmological constant (or a more general form of dark energy in general) produces a non-zero ISW function, although it is worth recalling that there are other possible sources for generating non-zero ISW effect. Among others, a non-zero spatial curvature (Kamionkowski & Spergel 1994) , or models of modified gravity (e.g., Munshi et al. 2012 ) will produce a net ISW effect. The three galaxy redshift distributions used in this work are plotted in Fig. 2 . Finally, as an example of the simulated maps we present in Fig. 3 the simulated ISW (top), CMB temperature and E-mode (upper middle), lensing and the survey peaking at low-z (lower middle), and the surveys peaking at intermediate and high-z (bottom).
RESULTS
We have assessed the quality of the ISW reconstruction under two different scenarios. First, in Section 4.1 we consider all-sky data. Under these conditions, we study the contribution of each of the LSS tracers considered to the recovery of the ISW fluctuations. We also check how important is to include the CMB information, and, in particular, the polarization anisotropies. In addition, we study how the recovery is affected by the presence of instrumental (for CMB polarization and lensing) and Poissonian (for galaxy-surveys) noises. Second, a more realistic situation is explored in sec. 4.2, where maps with partial sky coverage are analysed. Again, we test the role played by each one of the surveys, as well as the CMB temperature and polarization data, in recovering the ISW map. As before, also the impact of the noise is assessed.
3 It is possible to see that choosing a constant bias b different from 1 only affects to the filter in Eq. 3 by rescaling the Poissonian noise by 1/b 2 . In this way, the noise level of each survey in Table 1 can be understood as an effective noise including the bias dependence, given by 1/(nb 2 ). In particular note that in a more realistic scenario where b > 1, for a fixed value ofn, we would have a smaller effective noise than in the case considered here and, therefore, the filter would provide slightly better results. Figure 4 . Reconstruction of the ISW signal in the ideal case of full-sky and noiseless for the following cases: with (top) and without (middle) exploitation of polarization information, and without CMB, i.e. only the surveys are used (bottom). The correlation coefficient for this particular simulation is 1.00 for all the three cases.
Full-sky data
In this section, we study the quality of the recovered ISW using different combinations of all-sky simulated data sets: CMB (intensity and polarization), low-, intermediate-and high-z surveys and lensing. Our aim is to assess the performance of the proposed filter in this ideal case, as well as to show which is the contribution of the different simulated data sets to the final reconstruction. We will also study the effect of instrumental and Poissonian noise in our results.
As an illustration, in Fig. 4 , we show the reconstructed ISW obtained for our reference simulations (given in Fig. 3 ) using all the considered LSS surveys in three different cases: with (top) and without (middle) including polarization in- Figure 7 . Power spectra of the recovered ISW signal for full-sky and noiseless data including CMB (temperature and polarization) when all three surveys and lensing are used (red diamonds) averaging over 10000 simulations. The error bars correspond to the dispersion of the simulations at each . The black line is the fiducial model and the red line corresponds to the expected power spectrum of the reconstruction. The black asterisks are the unbiased reconstructed power spectrum. formation and using only information from the LSS surveys corresponding to the first addend of Eq. 3 (bottom). As seen, the three cases are very similar, which indicates that, in this ideal case, the main contribution to the recovered ISW map comes from exploiting the cross-correlation between the ISW signal and the LSS tracers.
We have also tested the contribution of each LSS survey separately. For comparison, in Fig.6 it is given the reconstructed ISW obtained by applying a simple Wiener filter to the CMB map (see e.g. Barreiro et al. 2008 for details) with (left) and without (right) including polarization information.
By comparing the results of Fig. 4, Fig. 5 and Fig. 6 with the input ISW (top panel of Fig. 3) , it becomes apparent that, as expected, the best reconstruction is obtained when all the surveys are included. In this ideal case, when only the lensing map is used the reconstruction is quite good due to its strong correlation with the ISW at all the redshifts. From the three considered LSS tracers, the high-z survey is the one that contributes most to the ISW reconstruction. This can be understood by looking at the redshift distribution of the galaxies of each survey (Fig. 2) , since the high-z catalogue covers a more suitable redshift range to extract the ISW signal than the other surveys (see e.g. Afshordi 2004) . Also, as shown in previous works, the LCB filter is clearly superior to a simple WF of the CMB, since the latter does not exploit the information included in the LSS surveys. Regarding polarization, its contribution to the LCB solution in this ideal case is very modest, while it slightly improves the performance of the WF.
These results can be further quantified by obtaining the average correlation coefficientρ and the average relative er- Figure 9 . Power spectra of the recovered ISW signal for full sky and noiseless data for different cases: using CMB temperature, all surveys and lensing with (dashed blue) and without (dotted red) polarization information, using only LSS tracers and lensing (long dashed cyan), WF reconstruction with (orange) and without (green) polarization information. As before, 10000 simulations have been used to obtain the mean power spectrum and the error bars at each case.ρ er Table 2 . Mean correlation coefficient (columns 2 to 4) and mean relative error of the reconstructed maps (columns 5 to 7) computed over 10000 simulations, for full sky datasets without (upper half) and with noise (bottom half) for different combinations of CMB data and LSS tracers. Results for the cases that include both CMB intensity and polarization (T+E), only intensity (T) or no CMB in combination with all surveys and lensing (3sur-veys+lens), all surveys (3surveys) or only one tracer at a time (low-z, intermediate-z, high-z or lensing) are considered. The results obtained with the Wiener filter using only CMB, with and without including polarization, are also shown. ror er between input and reconstruction using a large number of simulations. To compute these quantities we first calculate the mean residual dispersion map whose pixels values are given byσi = 1 Ns Ns j=1
i,j where ri,j is the residual map for the ith pixel of the jth simulation obtained by subtracting the reconstructed mapŝ from the input ISW simulation s, and Ns is the number of simulations. Then we compute the weights map ωi and the weighted correlation coefficient as:
where s andŝ are the input and reconstructed ISW maps, σs and σŝ are the weighted dispersions of the input and reconstructed ISW map, s and ŝ are the weighted mean values for the same maps, and Np is the number of pixels. Finally we compute the mean correlation coefficientρ as the mean of the weighted correlation coefficient over 10000 simulations. We obtain the average relative error er as the ratio between the average over simulations of the weighted dispersion of the residual maps σr and that of the input ISW maps, i.e.: 
where
The mean correlation coefficient and average relative error are given in Table 2 for the different considered cases. When all data are used (CMB intensity and polarization, the three surveys and lensing), the average correlation coefficient is 1 while the relative error is 0.04. This shows that, under ideal conditions, a good reconstruction of the very weak ISW signal can be obtained using these data sets. When using all the CMB information with only one survey, the relative error increases to 0.76 (low-z), 0.62 (intermediate-z), 0.32 (high-z) and 0.34 (lensing), confirming that most of the reconstructed signal is achieved by extracting the information from the high-z survey or lensing. The effect of the CMB information to the final ISW reconstruction is moderate, although its relative importance is larger when less information about the LSS is available. For instance, when combining CMB intensity and polarization with the low-z survey, the relative error of the reconstruction improves by ≈ 17 per cent with respect to the case when only the survey information is used. Adding CMB polarization on top of temperature data is reflected in an improvement of a few per cent in the mean correlation coefficient and relative error in the ISW reconstructed signal, with the major differences found for the WF case, where only CMB data is used (around 15 per cent improvement in the mean correlation coefficient and 5 per cent in the relative error).
As a further test of the quality of the reconstruction, we have also estimated the power spectrum of the recovered ISW averaging over 10000 simulations for each of the considered cases. In Fig.7 we plot the C 's of different reconstruction for the case with CMB (intensity and polarization), all surveys and lensing (red diamonds) together with the expected reconstructed power spectrum given by Eq. (7) (red line) and the fiducial model (black line). We also plot the unbiased reconstructed power spectrum (black asterisks): once corrected for the known bias the reconstructed C 's agree well with the fiducial model. In Figs. 8 and 9 we give the uncorrected (i.e. biased) C 's of several reconstructions to enhance the differences between the considered cases. In particular, Fig. 8 shows the results using CMB intensity and polarization in combination with all the LSS tracers or with only one of them while Fig. 9 shows the comparison between the reconstructed power spectrum when using only LSS information (cyan line), adding CMB intensity (red) and adding CMB polarization (blue). As already shown in the previous results, these three cases are very similar under ideal conditions. The results for the Wiener filter with (orange) and without (green) polarization are also plotted, showing a certain improvement when polarization information is included. We note that the recovered power spectra of both figures is in agreement with Eqs. 4 and 7 for the results without and with polarization, respectively.
We have also studied how the ISW reconstruction is affected by the presence of noise simulated according to the values given in Table 1 . The results are summarised in the bottom part of Table 2 , while the power spectra of the different reconstructions are given in Fig. 10 .
The presence of noise degrades significantly the quality of the ISW reconstruction, although not all data sets are equally affected. For the best case, i.e. combining all the CMB, lensing and LSS information, the correlation coefficient is now 0.81 (to be compared with 1 in the ideal case) and the relative error increases to 0.58 (versus 0.04 without considering noise). This is mainly due to the degradation of the information in the high-z survey which is significantly affected by Poissonian noise. Note that for the intermediate-z survey the simulated Poisson noise is low (see Table 1 ) and, therefore, its effect is almost negligible, as reflected in theρ Table 3 . Mean correlation coefficient (columns 2 to 4) and mean relative error of the reconstructed maps (columns 5 to 7) computed over 10000 simulations, for incomplete sky datasets without (upper half) and with noise (bottom half) for the same combinations of CMB and LSS tracers as those in Table 2 . The values have been computed using only those pixels allowed by the union mask.
values of ρ and er in Table 2 . Also the lensing seems to be quite affected by noise, the relative error for the lensing-only case goes from 0.35 to 0.87 when adding noise. Due to the degradation of the LSS information when introducing Poissonian noise, we also find that the relative role of the CMB data in the ISW recovery becomes more significant in this case. Conversely to the noiseless case, where the reconstruction obtained using only LSS data was already close to the one obtained using all the considered data sets, now it becomes apparent that including the CMB improves the quality of the final reconstruction. In particular, in Fig. 10 , it can be seen that the bias is reduced at large scales (l< 10) when adding CMB intensity data to the reconstruction (red line) versus the case when only LSS data are used (cyan line). Moreover, the use of CMB polarization (dark blue line) slightly reduces the bias at the smallest multipoles. Therefore, in a realistic case, the combination of CMB and LSS data to recover the ISW signal becomes especially relevant.
As a further test, we have also investigated the case in which the reconstruction is obtained using only one survey at a time with the same level of noise added to all the surveys. As Poissonian noise we choose that of the low-z survey, since it is an intermediate value among the ones considered for the three surveys (see Table 1 ). As expected, we find that in this case the relative performance of the surveys is the same as in the noiseless case, with mean correlation coefficients of 0.78 (high-z survey), 0.75 (intermediate) and 0.62 (low) for the reconstruction obtained using the considered survey plus CMB intensity and polarization. On the left, a map of the dispersion of the residuals for the ISW recovery at each pixel, with the intersection mask applied, is given. It has been obtained from 10000 simulations for the case with mask and without noise and using all the available information (three surveys, lensing, CMB intensity and polarization). On the right, the intersection of the masks considered for each data set is shown: 7 (dark red) stands for pixels which are not observed by any data set, 6 (red) for the pixels excluded by both high-z and in WMAP masks, 5 (orange) for those both in the WMAP and the galactic cut masks, 4 (yellow) for the pixels that are only in the WMAP mask, 3 (turquoise) for those both in high-z and the galactic cut masks, 2 (azure) for those covered only by the high-z mask, 1 (blue) for the pixels masked only by the galactic cut and 0 (dark blue) for pixels present in all data sets.
Incomplete-sky case
In this section, we extend the previous study to the more realistic situation in which the considered data sets are not full-sky. In order to separate the effect due to the presence of a mask from that of the noise, first we will present the results for noiseless incomplete sky data and then we examine the effect that introducing noise has in the recovered ISW signal.
Incomplete or contaminated data implies the presence of a mask, which degrades the estimation of the spherical harmonics coefficients of the map. The masks used are de-4 Note that a few cases involving the low-z survey as the only tracer seem to provide slightly better results for er when a mask is considered than in the corresponding full-sky case (given in Table 2), although this does not occur for the correlation coefficient. To solve this apparent inconsistency, one should compare the results from the masked case to those obtained in the same way for the full-sky reconstruction, i.e., considering only those pixels allowed by the union mask and after subtracting the monopole and dipole outside the mask from the input and reconstructed ISW. In this way, we find that the values of er are actually the same for both, masked and full-sky cases, up to the considered precision. Figure 14 . Power spectra computed with the union mask and corrected a la MASTER for the incomplete sky case when CMB temperature, all the surveys and lensing are used for cases with and without noise and with and without polarization. As before, it has been obtained averaging over 10000 simulations. scribed in section 3. To mitigate the spurious correlations introduced in the harmonic coefficients due to incomplete sky data, we use an apodised version (with a cosine function) of the masks, which are obtained by extending 3 pixels the boundary of each mask, where values between 0 and 1 are used (see Fig. 11 ). To compute the correlation coefficient and the mean dispersion of the residual map we apply for each case the mask obtained as the union of the masks used for that reconstruction (i.e., a pixel is considered only it it has been observed by all the data sets used for that particular reconstruction). Prior the calculation of these statistics, the monopole and dipole is removed outside the union mask for both the input and recovered ISW map. Table 3 gives the mean correlation coefficient between input and reconstructed ISW and the mean dispersion of the residual map for the noiseless (top) and noisy (bottom) incomplete sky case. These values are obtained averaging over 10000 simulations. To allow for a straightforward comparison, the same data combinations as in Table 2 are given.
As seen, the presence of a mask degrades, but only slightly, the quality of the reconstruction outside the union mask. In particular, the correlation coefficient between input and reconstruction is 0.98 (versus 1 for all-sky) when all the data are included and no noise is considered, with the lensing survey giving the maximum contribution. It is interesting to point out that, conversely to the full-sky case, using only lensing is even better than combining the three surveys: the correlation coefficient is 0.93 against 0.90 and the relative error is 0.34 against 0.41 for the case when CMB (both intensity and polarization) is used. This can be understood taking into account that only one mask is needed for the former case, while three different masks are considered for the latter. Therefore, the reconstruction using the three surveys is more affected by having incomplete sky data sets than the one obtained from lensing. We find similar results for the case without CMB. Regarding the contribution of the CMB polarization, the same conclusions applied as for the full-sky case, i.e., its addition improves, but only slightly, the quality of the reconstruction. Again, the contribution of the polarization to the final reconstruction is more important in those situations where the recovery of the ISW is more difficult, such as in the presence of noise or when less information from LSS tracers is available.
We have also studied in more detail the performance of the method in those regions which are allowed by the intersection mask (mask which excludes only those pixels which have not been observed by any data set) but not by the union mask, i.e., on pixels that have been observed only by some of the considered data sets. Fig. 12 shows on the left, the map of the dispersion of the residuals for the ISW recovery at each pixel, with the intersection mask applied. It has been obtained from 10000 simulations for the case with mask and no-noise, including CMB temperature and polarization, all the surveys and lensing. This can be compared to the map in the right side of the figure, which gives the intersection of the different considered masks, showing the areas that are reconstructed using only part of the data, going from 0 (pixels present in all the data, i.e. allowed by the union mask) to 7 (pixels that are not observed by any data set, corresponding to the intersection mask). As one would expect, the structure of the map of residuals resembles that given by the intersections of the masks, obtaining lower residuals in those areas where more data are available.
When the effect of noise is taken into account, the quality of the reconstruction is degraded in a similar way as that of the full-sky (see bottom part of Table 3 ). For the reconstruction obtained using all the information, the correlation coefficient decreases to 0.79 (to be compared with 0.81 when all-sky noisy data are considered) while the relative error slightly increases. The relative contribution of each survey to the final reconstruction is again modified with respect to the noiseless case.
In Fig. 13 we plot the reconstructed ISW (left), for our reference simulation (given in Fig. 3) , and its corresponding mean dispersion of the residuals (right) for incomplete sky coverage and with the presence of noise using all surveys and lensing for three different cases: including both CMB intensity and polarization (top), including CMB intensity only (middle) and without CMB information (bottom). The intersection mask is applied to the maps. It can be seen that leaving out the CMB increases the error in the reconstruction, confirming again the fact that the contribution of the CMB (both temperature and polarization data) is more important when non-idealities are taking into account. In particular, for this cases, the relative errors are 0.59 (top panel), 0.60 (middle), 0.64 (bottom). Comparing the right column with Fig. 12 the different contribution of each component is less evident due to the presence of noise. It is also noticeable that the quality of the reconstruction in the region where only the high-z survey is masked (corresponding to the round masked region in the left panel of Fig. 11 , located mainly in the southern Galactic hemisphere) is very similar to that of the region where all data are available, reflecting that the inclusion of the high-z survey is not having a significant effect in the reconstruction in this case, due to its highest noise with respect to the other surveys. We have also computed the mean angular power spectrum for the estimated ISW signal, after applying the apodised version of the union mask, using 10000 simulations for different cases (see Fig. 14) . The effect of the mask on the power spectrum has been corrected a la MASTER (Hivon et al. 2002) . Conclusions are very similar to those found when using all-sky data.
In order to visualize in more detail the differences between the attained reconstructions, which may not be evident in the full-sky plots, we also show, for a given simulation, a comparison between the input and reconstructed ISW for several cases in a patch of the sky. In particular, Fig. 15 gives the reconstructed ISW for a given simulation for different cases in a patch centred at l = 0.0, b = 45.0. The patch covers an area of approximately 67 square degrees and has been chosen as representative of a region which is in the boundary of the union mask. This allows one to see better the effect of working with incomplete sky. In particular panel A is the simulated ISW signal and panel B is the reconstructed ISW in the most optimistic case when all the data are used (all the three surveys, lensing and the CMB both intensity and polarization) under ideal conditions: as stated in Table 2 the reconstruction is very good. Comparing with panel C (same as B with the addition of noise) we can see that the presence of noise reduces the quality of the reconstruction, although the main features of the ISW signal are still present in the reconstruction.
Panel D shows the intersection of the masks in the selected region, corresponding to a detail of the right panel of Fig. 12 . Note that pixels in dark blue are observed by all data sets, while those in orange are observed only by the high-z survey. Panels E and F show the same cases as B and C but considering incomplete sky coverage. In the masked case, the ISW reconstruction in the pixels belonging to the orange region is significantly affected, due to the fact that the information in this region is more limited than in the rest of the patch but also to the effect of the mask. Conversely, the reconstruction in the region observed by all data sets is only slightly affected by the presence of masked areas, and the result is close to the one obtained in the same case when considering the full-sky. The reconstruction given in panel F is representative of which is the expected reconstruction for a realistic case when noise and incomplete sky coverage are taking into account. The comparison between these different cases confirms visually what is also inferred from the values of the correlation coefficient given in Tables 2 and 3 , that, when all the data sets are used, the main problem for the ISW reconstruction in a non-ideal case is the presence of noise rather than the mask, provided we restrict ourselves to pixels allowed by the union mask.
The last row of Fig. 15 illustrates the effect of including CMB intensity and polarization in the more difficult situation in which only one LSS survey is available. In particular, we show the reconstruction obtained for the full-sky case in the presence of noise using CMB intensity and polarization and the low-z survey (panel G), using CMB intensity and the survey (H) and keeping only the survey information (I). As seen, it becomes apparent that the inclusion of CMB intensity and polarization is important in order to improve the quality of the reconstruction although, even in this sit- uation, the ISW signal is only very roughly recovered. The inclusion of CMB information is especially relevant for this case, since we have used the survey that peaks at low-z, whose information is less suited to recover the ISW effect.
Discussion on other non-idealities
In addition to the non-idealities considered previously (sky masks, instrumental and Poissonian noise), other factors can affect the quality of the reconstruction, such as the presence of systematics in both LSS and CMB data or uncertainties in the knowledge of the cosmological model. In particular, the previous results assume a perfect knowledge of the correlation matrix for all the considered data sets. Given the many ways in which the assumed spectra can deviate from the underlying one in a general case as the one considered here, it is complicated to carry out an exhaustive study on how these uncertainties can propagate into the recovered signal. However, some tests can be performed to answer, at least partially, this question. In particular, this point was already addressed in Barreiro et al. (2008) , where the quality of the ISW reconstruction was studied assuming a cosmological model different from the one used in the simulations. It was found that the correlation coefficient was only slightly affected by these uncertainties, although some differences were found in the amplitude of the reconstructed ISW, since by using a wrong covariance matrix, the recovered map is not properly scaled by the filter.
In the current work, we have performed an additional test to study the effect of the uncertainties in the bias model. In particular, we have performed an additional set of simulations, where all parameters are left unchanged except for the high-z survey, which has been simulated assuming a redshift-dependent bias (based on the NVSS model of Marcos-Caballero et al. 2013 ) and normalised to have a mean amplitude of the auto-power spectrum lower (around a 30 per cent) than our reference case. We have studied the quality of the reconstruction for two different cases: one assuming the correct underlying model and a second one, which uses the model of our reference data set (meaning that all elements in the covariance matrix related to the high-z survey differ from the ones used in the alternative simulations). When noise is included in the data, the difference between both cases is very small for both the correlation coefficient and the relative error, since the error introduced by the noise clearly dominates over the uncertainties in the model. In the ideal case (full-sky, no noise), we find that the correlation coefficient is only slightly affected by the assumption of a wrong model, whereas this is not the case for the relative error. For instance, when considering the reconstruction obtained by combining the CMB and the high-z survey, the relative error increases around a factor of two, when comparing the case reconstructed with the correct model versus that where a different model is considered. As in Barreiro et al. (2008) , this indicates that the overall structure of the ISW signal is reasonably well reconstructed but its amplitude is more affected by possible errors in the model.
It is also worth remarking that the LSS simulations used in this paper do not account for some of the systematics that are typically observed in galaxy catalogues, such as inhomogeneous sensitivity (which can be due to several effects), stars contamination, or galactic emissions, among others. As described in several works (e.g., Hernández-Monteagudo 2010; Hernández-Monteagudo et al 2014), to deal with these systematics is not a trivial task, and it requires a deep knowledge of the instrumental characteristics of the experiment producing the data. In the best scenario, the proper treatment of these effects would be translated into a degradation on the ISW detection level and, in the worst case, into a bias on its determination. An exhaustive analysis of the influence of these systematics on the recovery of the ISW signal goes beyond the scope of this paper. In particular, because, as mentioned above, such systematics depend very much on the particular properties of the LSS tracer under study and, as we already discussed, the surveys simulated on this work do not pretend to reflect the particular properties of a given data set, but rather the global characteristics associated with the redshift distribution of the galaxy populations. Nevertheless, since the method relies on simulations to characterise the uncertainties of the recovered ISW map, the impact of the systematics of a given data set on the ISW detection, could be addressed as far as they could be simulated.
In addition, we have only considered the effect of instrumental noise when using CMB polarization information. However, the current release of Planck polarization data is significantly affected by systematics at large scales. Given that these are the scales relevant for the reconstruction of the ISW, the current Planck polarization maps are not suitable to perform this task. Fortunately, a new release of Planck data is planned for 2016, where this problem is expected to be largely palliated. Even in this case, some small level of residual systematics may be present in the final maps, and, if this were the case, the effect of these residuals in the reconstructed ISW should be quantified. This is important to ensure that the (moderate) improvement obtained by using polarization data is not hampered by the presence of systematic residuals.
Finally, we would like to point out that for a particular application, some consistency tests could be performed in order to test the validity of the considered model and the presence of systematics, such as comparing the recovered ISW power spectrum with the one expected for the considered cosmological models (similarly to Fig. 7 ) or calculating the cross-correlation between the recovered ISW and the different galaxy surveys. Although small departures would be difficult to detect given the weakness of the signal and the presence of cosmic variance, a systematic departure with respect to the expected values would indicate the need to reconsider the model assumptions and/or to check for the presence of systematics in the data set.
CONCLUSIONS
In this work we present an extension of the LCB filter (Barreiro et al. 2008 ) which was originally designed to reconstruct the ISW signal by combining CMB intensity data and one LSS tracer. On the one hand, the method is now able to deal with several large-scale structure tracers at the same time; on the other hand it makes use of CMB polarization data to reduce the cosmic variance.
The performance of the method is tested on coherent simulations whose fiducial angular power spectra are obtained with a modified version of CAMB. In addition to CMB intensity and polarization, we simulate three different surveys, whose galaxy redshift distribution peaks at low, intermediate and high-z and a lensing map. In particular, we obtain our results averaging over 10000 simulations.
Firstly we perform the reconstruction under the ideal all-sky and noiseless scenario, finding that the mean crosscorrelation between the ISW signal and reconstruction is as large as 1.00 when all the information is included. The mean relative error is 0.04. For this ideal case, the main contribution to the reconstruction comes from exploiting the information of the LSS tracers, and including the CMB produces only a moderate improvement of the recovered ISW signal. The relative importance of the CMB increases when less information about the LSS is available. Regarding the role of each of the considered surveys, we find that the one peaked at high-z gives the major contribution to the reconstruction, since this catalogue covers a redshift range that is more suitable to extract ISW information than the other surveys. A similar level of performance to that of the high-z survey is also obtained when using the lensing map.
We have also studied the effect in the results of including instrumental Gaussian (for CMB polarization and lensing) and Poissonian (for LSS surveys) noise, at the level expected in current data sets. In this case, the quality of the ISW reconstruction is degraded, although not all data sets are equally affected. In particular, when all information is included, we find an average correlation coefficient of 0.81 and a relative error of 0.58. Another interesting point is that the contribution of the CMB, both temperature and polarization, becomes more important when noise is included, mainly improving the recovery of the largest angular scales. The relative contribution of each of the LSS tracers in the ISW reconstruction changes with respect to the ideal case, due to the fact that we are considering different levels of noise for each survey. The level of noise has been chosen in order to cover a range of realistic noise amplitudes as well as to test the performance of the method. In this case the intermediate-z catalogue, which has been simulated with a lower level of Poissonian noise, becomes the one giving the major contribution to the ISW reconstruction.
Finally, we have considered the more realistic case of incomplete sky coverage. We find that introducing a mask degrades, but only slightly, the performance of the filter in those regions observed by all data sets, finding in the best case, a mean correlation coefficient between input and reconstruction of 0.98 for the noiseless case and of 0.79 when noise is present (versus 1.00 and 0.81 for the full-sky reconstruction). As one would expect, the quality of the reconstruction is degraded, by different amounts, on those areas where observations are not available for some of the data sets.
We would also like to point out that this paper focuses in the performance of the proposed filter in different situations and how this is affected by noise or incomplete sky. The discussion regarding the contribution of each of the considered LSS tracers should be taken as an illustration of the method rather than as a conclusion on the optimal choice of catalogues for the ISW recovery. When working with real data, other non-idealities, such as the presence of systematics, can play an important role and affect the decision on which LSS tracers are best suited for that particular case.
Different extensions of the work presented here can be considered. In particular, a further generalisation of the method would be its implementation in the real space, which would allow one to deal with all type of masks in a straightforward way, enabling the use of surveys with a relatively small sky coverage (e.g. the SDSS, Ahn et al. 2012) . It is also interesting to point out that the ISW signal reconstructed with this method could be useful to study the large scale anomalies found in the CMB and its possible relationship with this secondary anisotropy. Finally, the redshift information that will be provided by future surveys, such as e.g. Euclid (Laurejis et al. 2011) , LSST (LSST Science Collaboration et al. 2009) or J-PAS (Benítez et al. 2014) , could be used to reconstruct the ISW signal in different redshift slices. These topics will be the subject of future works.
